Sample Problems

1. True or False

Note: If you find the following statements true, you should briefly prove them. If you
find them false, you should correct them.

(a) The point (z,y) falls on the regression line of the following simple linear regression,
y = Bo + Bz + u. (1)

(b) The following model suffers from perfect collinearity,
log(income) = By + Breducation + Bamale + (3 female + u,

where male = 1 for male individuals and 0 for female individuals, and female = 1
for female individuals and 0 for male individuals.

(¢) Suppose we have collected n pairs of (z;,y;) for the simple regression in (1), The more
variation in x, the less accurate 3 is, where (3 is the OLS estimator of (.

2. Maximum Likelihood Estimation Suppose (y;,x;,7 = 1,...,n) follow the simple
regression in (1). We assume u ~ #idN (0, 0?).

(a) Write the log likelihood function.

(b) Obtain the MLE estimator of 31, say By.
(c) Obtain the MLE estimator of o2.
)

(d) If it turns out that normality does not hold for wu, is B still unbiased? Is it still
consistent?

3. Weighted Least Square Consider the savings function,
sav; = By + Brine + u;, u; = Vine; - €5, (2)

where sav denotes “saving” and inc denotes “income”, and where ¢; is iid with Ee; = 0 and
var(e;) = o2. We assume ¢ is independent of inc.

(a) Show that E(ulinc) = 0, so that the exogeneity assumption in CLR (Classical Linear
Regression) Assumptions still holds.

(b) Show that Var(ulinc) = o%inc. Which assumption in CLR assumptions is violated?
And what consequences does it have for estimation and making inferences?



(c) Instead of running (2), we can run the following regression, which is called “weighted
least square”,

L By + B —m—inci + 3)
sav; = —— ——1NC; Ej.
Vine, 0 g | T Wine,

Now, does homoscedasticity hold for (3)7

(d) Provide a discussion that supports the assumption that the variance of savings in-
creases with family income.

3. Inferences Consider the following regression,

y = Bo + Bix1 + Poxa + B3 + Paxs + P55 + u.

Show how you would test the following hypotheses by running two regressions and comput-
ing an F-statistic. Show explicitly the regressions you would run and the degrees of freedom
of each test statistic.

(a) B1=0.
(b) ﬁl =0 and /64 = ﬁ5.
(c) b1 =0, B3 =0, and B4/B5 = 2.

4. Empirical Problems To study how residence status () affect income, we run the
following regression,

log(INCOME) = By + $1EDU + 3, EDU? + 33RURAL + u, (4)

where FDU denotes years of education and RURAL is a binary variable defined as 1 for
rural residence and 0 for urban residence. The regression results are reported in Figure 1.

(a) Interpret (s, the coefficient on RURAL. Test the following hypothesis,
Hop: B3=0 H;: §3<0.

You should show explicitly the test statistic, the distribution under Hg and the critical
value.

(b) From the results, infer SST (total sum of squares).

We may conjecture that gender influences income. So we run another regression,

log(INCOME) = fy+ 1EDU + . EDU? 4+ 33RURAL (5)
+P4sFEMALE + s FEMALE - RURAL + w,
where FEM ALE is a binary variable (1 for females and 0 for males). The regression results
are shown in Figure 2.
(c) Interpret the economic meaning of .
(d) Test whether gender plays any role in income determination. You should write down

the null and the alternative hypotheses, show explicitly the test statistic, the distri-
bution under Hy and the critical value.



Dependent Variable: LOG(INCOME)
Method: Least Squares

Date: 06/02/09 Time: 16:13
Sample: 1 5778

Included observations: H778

Variable CoefficienStd. Errort-Statistic Prob.
C 8. 195432 0. 043328 189. 1502 0. 0000
EDU 0. 065987 0. 008549 7.718704 0. 0000
EDU 2 0. 002936 0. 000526 5. 584321 0. 0000
RURAL -0. 744145 0.027641 -26.92178 0. 0000
E-squared 0. 452430 Mean dependent war 8. 636962

Adjusted R-squared 0.452146 5.D. dependent wvar 1.130683
S5.E. of regression 0.836900 Akalke info criteriZ. 482467
Sum squared resid 4044. 115 Schwarz criterion 2.487079
Log likelihood -T167. 846 F-statistic 1590. 267
Durbin—Watson stat 1.521717 Prob(F-statistie) 0.000000

Figure 1: Model 1.

Dependent Variable: LOG(INCOME)
Method: Least Squares

Date: 06/02/09 Time: 16:33
Sample: 1 b778

Included observations: H¥78

Variable CoefficienStd. Errort-Statistic Prob.
C 8. 430184 0. 046132 182.?407 0. 0000
EDU 0. 043737 0. 008562 5.108331 0. 0000
EDU" 2 0. 003804 0. 000521 7.307523 0. 0000
RURAL -0. 674596 0. 033591 -20. 08261 0. 0000
FEMALE -0. 227601 0. 032273 -7.062272 0. 0000
FEMALE#RURAL -0. 168730 0. 044147 -3.821994 0. 0001
R-squared 0. 472691 Mean dependent var 8. 636962

Adjusted R—squared 0.472234 5.D. dependent wvar 1.130683
5. E. of regression 0.821413 Akaike info criteri?. 445456
Sum squared resid 3894. 477 Schwarz criterion 2.452374
Log likelihood —7058. 922 F-statistic 1034. 828
Durbin-Watson stat 1.503794 Prob(F-statistic) 0. 000000

Figure 2: Model 2.



5% Critical Values of the F Distribution

Numer DF

10

2. 93
2.85
2.75
2. 67
2. 60
2.54
2.49
2. 4b
2,41
2,38
2,35
4,32
2,30
2. 28
2. 26
2. 24
2. 22
2. 20
2.19
218
2,17
2,08

Denom DF

3.02
2. 90
2. 30
2. 71
2. 65
2.59
2. 54
2. 49
2. 46
2,42
2,39
2,37
2,34
2. 32
2,30
2. 28
227
2,25
2,24
2. 22
2,21
.12
2. 04
1.99
1. 96
1. 88

3,07
2. 95
2. 85
277
2. 70
2. 64
2. 59
2,50
2,51
2,48
2,45
2,42
2,40
2. 38
2. 36
2,34
2,32
2.31
2,29
2. 28
2. 27
2,18
2,10
2. 04
4. 02
1.94

3.14
3.01
2. 91
2. 33
2. 76
2.T1
2. 66
2,61
2,58
2,54
2,51
2,49
2. 46
2,44
2. 42
2,41
2,39
2,37
2. 36
2. 35
2. 33
2. 25
2,17
2.11
2. 09
2. 01

3. 22
3.10
3. 00
2,92
2. 85
2. 79
2,74
2,70
2,66
2,63
2,60
.57
2.5b
2,53
2,51
2,49
2,47
2,46
2,45
2,43
2,42
2,34
2,25
2,20
2,18
2,10

3.33
3. 20
3.11
3.03
2. 96
2,90
2.85
2,81
477
2,74
271
2,69
2,66
Z2.64
2,62
2,60
2,59
257
2,56
2,55
2.b3
2,45
2,37
4,32
24,29
271

3. 48
3. 36
3. 26
3.18
3.11
3. 06
3.01
2,97
2,93
2,90
28T
2. 04
2. 82
2,80
2. 78
2,76
2.74
2,73
2.7
2,70
2,69
2,61
2,53
2,47
2, 45
24,37

3. 71
3.59
3.49
3.41
3.34
3.29
3.24
3. 20
3,16
3,13
3.10
3,07
3. 05
3.03
3.01
2,99
2. 98
2. 96
2,95
2,93
2. 92
2. 84
2. 78
2. 71
2. 63
2. 60

4.10
3. 93
3. 89
3.81
3.74
3. 68
3.63
3. 59
3. 56
3. 52
3. 49
3,47
3. 44
3. 42
3. 40
3.39
3,37
3.35
3.34
3.33
3. 32
3.23
3.15
3.10
3.07
3.00

4. a7
4. 34
4. 75
4. 67
4. 60
4. 54
4. 49
4, 45
4,41
4, 38
4,35
4,33
4,30
4. 28
4. 26
4,24
4,23
4. 21
4. 20
4.18
4.17
4. 09
4. 00
3. 95
3. 92
3. 84

10
11
12
13
14
15
16
17
18
19
20
21

22
23

24
25
26
27
28
29
a0
40
&0
a0
120
inf

a9
1.94
1.91
1.83

Figure 3: 5% Critical Values of F Distribution.
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Figure 4: Right-tail Probabilities of t Distribution
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