
Sample Problems

1. True or False

Note: If you find the following statements true, you should briefly prove them. If you
find them false, you should correct them.

(a) The point (x̄, ȳ) falls on the regression line of the following simple linear regression,

y = β0 + β1x + u. (1)

(b) The following model suffers from perfect collinearity,

log(income) = β0 + β1education + β2male + β3female + u,

where male = 1 for male individuals and 0 for female individuals, and female = 1
for female individuals and 0 for male individuals.

(c) Suppose we have collected n pairs of (xi, yi) for the simple regression in (1), The more
variation in x, the less accurate β̂1 is, where β̂1 is the OLS estimator of β1.

2. Maximum Likelihood Estimation Suppose (yi, xi, i = 1, ..., n) follow the simple
regression in (1). We assume u ∼ iidN(0, σ2).

(a) Write the log likelihood function.

(b) Obtain the MLE estimator of β1, say β̂1.

(c) Obtain the MLE estimator of σ2.

(d) If it turns out that normality does not hold for u, is β̂1 still unbiased? Is it still
consistent?

3. Weighted Least Square Consider the savings function,

savi = β0 + β1inci + ui, ui =
√

inci · εi, (2)

where sav denotes “saving” and inc denotes “income”, and where εi is iid with Eεi = 0 and
var(εi) = σ2. We assume ε is independent of inc.

(a) Show that E(u|inc) = 0, so that the exogeneity assumption in CLR (Classical Linear
Regression) Assumptions still holds.

(b) Show that Var(u|inc) = σ2inc. Which assumption in CLR assumptions is violated?
And what consequences does it have for estimation and making inferences?
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(c) Instead of running (2), we can run the following regression, which is called “weighted
least square”,

1√
inci

savi = β0
1√
inci

+ β1
1√
inci

inci + εi. (3)

Now, does homoscedasticity hold for (3)?

(d) Provide a discussion that supports the assumption that the variance of savings in-
creases with family income.

3. Inferences Consider the following regression,

y = β0 + β1x1 + β2x2 + β1x3 + β4x4 + β5x5 + u.

Show how you would test the following hypotheses by running two regressions and comput-
ing an F-statistic. Show explicitly the regressions you would run and the degrees of freedom
of each test statistic.

(a) β1 = 0.

(b) β1 = 0 and β4 = β5.

(c) β1 = 0, β3 = 0, and β4/β5 = 2.

4. Empirical Problems To study how residence status () affect income, we run the
following regression,

log(INCOME) = β0 + β1EDU + β2EDU2 + β3RURAL + u, (4)

where EDU denotes years of education and RURAL is a binary variable defined as 1 for
rural residence and 0 for urban residence. The regression results are reported in Figure 1.

(a) Interpret β3, the coefficient on RURAL. Test the following hypothesis,

H0 : β3 = 0 H1 : β3 < 0.

You should show explicitly the test statistic, the distribution under H0 and the critical
value.

(b) From the results, infer SST (total sum of squares).

We may conjecture that gender influences income. So we run another regression,

log(INCOME) = β0 + β1EDU + β2EDU2 + β3RURAL (5)
+β4FEMALE + β5FEMALE ·RURAL + u,

where FEMALE is a binary variable (1 for females and 0 for males). The regression results
are shown in Figure 2.

(c) Interpret the economic meaning of β5.

(d) Test whether gender plays any role in income determination. You should write down
the null and the alternative hypotheses, show explicitly the test statistic, the distri-
bution under H0 and the critical value.
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Figure 1: Model 1.

Figure 2: Model 2.
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Figure 3: 5% Critical Values of F Distribution.
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Figure 4: Right-tail Probabilities of t Distribution
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